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Electrical resistivity of thin wires at low temperatures: 
strained whiskers of copper 

D Movshovitz and N Wiser 
Department of Physics, Bar-Ilan University, Ramat-Gan, Israel 

Received 11 March 1991 

Abstract. We explain quantitatively the data of Thummes and Kotzler for the temperature- 
dependent part oftheelectrical resistivityp(T) for thinmpper whiskers at low temperatures, 
The calculation includes the contribution to p ( T )  due to non-resistive normal electron- 
electron scattering. In addition, we analyse the effect of straining the copper whiskers, 
showing why for one whisker,p(T)increasedupon straining, whereasfor theother whisker, 
p ( T )  decreased upon straining. 

1. Introduction 

Recent studies of the temperature-dependent part p ( T )  of the electrical resistivity of 
the non-transition metals have emphasized two subjects: 

(i) the contribution to p(T)  due to electron-electron scattering (for a review, see 
Kaveh and Wiser 1984), and 

(ii) the significant difference between pexpt(T) for bulk samples and for thin wires 
and films, for which electron-surface scattering is important (for a list of recent refer- 
ences, see Movshovitz and Wiser 1990a). 

We here combine these two subjects in a study of the electron-electron scattering 
contribution to p(T) at low temperatures for thin wires, with particular attention being 
paid to the role of normal electron-electron scattering. In addition, the analysis includes 
the large effect on p(T)  of straining the thin wires. 

The motivation for the present study comes from some recent resistivity data of 
Thummes and Kotzler (198S), who measured p ( T )  at very low temperatures for two 
copper whiskers. A particularly interesting aspect of this experiment is that after meas- 
uring p(T) ,  Thummes and Kotzler strained their copper whiskers and again measured 
p(T) .  They found that for one of the whiskers, straining increasedp(T), whereas for the 
other whisker, straining decreased p ( T ) .  Our analysis accounts quantitatively for these 
‘anomalous’ results. 

In section 2, we present the low-temperature resistivity data for the measured 
copper whiskers. These data are compared with our theory in section 3. The important 
contribution to p(T)  due to normal electron-electron scattering is reviewed in section 
4. In section 5 ,  the enhancement factors are discussed. The calculated results for p(T) 
are presented for the unstrained copper whiskers in section 6, and for the strained 
whiskers in section 7. The angular dependence of the specularity parameter is discussed 
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Table 1. Samplecharacteristicsof the twocopper whiskers (samplesCu 1 andCu2) measured 
by Thummes and Kotzler (1985), and for thick wires oi  Cu measured by Steenwyk el a1 
(1981). For each wire. we list the diameter d. the residual resistivity po, and the measured 
coefficient A,,, = pup,(T)/Tz.  The last column lists our calculated values, Auk, for com. 
parison with the data. 

Sample Diameter Annealed pa A,, Ad. 
(surface) ( 4  or strained (nQ cm) (fS2 cm K-z) (fQ cm K-*) 

~. .  ~ 

cu I 22 Annealed 3.M) 49 f 3 44 
(etched) Strained 4.75 59 t 2 58 
c u  2 6.9 Annealed 7.84 179 C 2 172 
(not etched) Strained 8.45 82 C 2 93 
Cu6andCull -1500 Annealed 0.4 21 c 1 - 
(bulk samples) 

in section 8. In section 9, we describe the method of electron dynamics that was used to 
calculate p ( T ) .  The summary follows in section 10. 

2. Low-temperature measurements of p(T) for copper whiskers 

We begin by reviewing briefly the low temperature behaviour of p(T)  for bulk samples 
of non-transition metals. At sufficiently low temperatures ( T <  1.5 K for Cu), the 
electron-phonon scattering contribution to p ( T )  is negligible, leaving only the electron- 
electron scattering term, which exhibits the well-known quadratic temperature depen- 
dence. 

For copper, the experimental value of the coefficient is (Steenwyk et al1981) 

Acrp, = 27 fQ cm K-’. (2) 
Thummes and Kotzler (1985) measured p ( T )  at low temperatures for thin copper 

whiskers. Below about 1.5 K, they found that p ( T )  becomes quadratic in temperature, 
in accordance with (1). However, their value for A , , ,  for the whiskers (see table 1) was 
considerably larger than the bulk value-in fact 6 times larger for the thinner whisker 
(diameter d = 6.9 pm). Such an enormous enhancement of Aexp, was certainly unex- 
pected. 

To investigate this phenomenon further, Thummes and Kotzler strained the whiskers 
and remeasured A,,,. This important measurement again yielded unexpected results. 
As recorded in table 1, it was found that for the thicker whisker, A,,, increased upon 
straining, whereas for the thinner whisker, ACrpl decreared upon straining. 

The most puzzling aspect of these latter results is, of course, the fact that straining 
had the opposite effect on Acrp, for the two whiskers. However, another anomalous 
feature relates to the large magnitude ofthe effect. Although the increase in the residual 
resistivity po upon straining the thinner whisker was less than 10% (see table l), the 
value of A,,, decreased to less than half its unstrained value. 
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3. Calculated results 

3.1. Introduction 

The data of Thummes and Kotzler (1985) can be explained quantitatively by including 
in the calculation of p ( T )  For thin wires, the important contribution due to normal 
electron-electron scattering (NEES). In the last column of table 1, we list our calculated 
valuesA,,,for the two thin whiskers, both in the annealed state andin the strained state. 
The overall agreement between theory and experiment is evident from the table. 

It is useful to begin with a qualitative explanation of the calculated results, leaving 
the quantitative details to be presented in subsequent sections. 

3.2. The annealed copper whiskers 

For the thinner whisker ( d  = 6.9 p n )  in the annealed state, the NEES term (which is non- 
resistive for bulk samples) dominates p ( T )  and is primarily responsible for the very 
larger, factor-of-6 increase in A,,, over the bulk value. By contrast; for the thicker 
whisker (d = 22pm), the resistive umklapp electron-electron scattering (UEES) term 
dominates p ( T ) .  As a result, the enhancement of A,,,, over its bulk value is relatively 
modest-less than afactor of 2. 

3.3. The strained copper whiskers 

The effect of straining the whiskers is twofold. First, the contribution from non-resistive 
(in the bulk) scattering to p ( T )  is sharply reduced. Second, the resistive scattering 
contribution to p ( T )  is enhanced. These results (to be justified presently) are sufficient 
to explain the data. 

For the thinner whisker, the first effect mentioned above is most important. The 
large non-resistive NEES contribution to p ( T )  in the annealed state is largely suppressed 
by straining, and hence A,,, is significantly reduced-by more than a factor of 2-in 
agreement with experiment. 

For the thicker whisker, the second effect mentioned above is most important. The 
dominant resistive scattering contributi.on to p(T)  is enhanced by straining, leading to 
an increase in AcalC-in agreement with experiment. 

4. Normal electron-electron scattering 

The NEES contribution to p ( T )  for thin wires has recently been the subject of several 
investigations (Kaveh and Wiser 1984, De Gennaro and Rettori 1984,1985, Wiser 1988, 
Gurzhi et a1 1989a, b, Movshovitz and Wiser 1990a, b). Therefore, we need only 
summarize the main ideas. 

For a thick wire, NEES makes no contribution to p ( T )  because the total electron 
momentum is conserved at each NEES collision. However, for a thin wire, NEES does 
contribute to p(T)  by altering the direction of the electron trajectory. The physical 
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Figure I .  An electron undergoes a non-resistive N E E ~  collision at point P. which causes the 
electron to strike the surface of the thin wire at point B, rather than at point A. 

principle is illustrated in figure 1. An electron undergoes a non-resistive NEES collision 
at point P. This collision alters the direction of its trajectory, causing the electron to 
strike the surface of the wire at point B, rather than at the more distant point A. The 
electron mean free path is thereby shortened (PB < PA) and hence p ( T )  is increased. 
Alternatively, the point A could be nearer to point P than is point B (PB > PA). In the 
latter case, the electron mean free path would be lengthened and p ( T )  would be 
decreased. Thus, the net change in p ( T )  due to NEEs, denoted pNEES(T), can be either 
positive or negative, asis determined by averaging over all possible electron trajectories 
(Movshovitz and Wiser 1990b). 

For the copper whiskers under consideration here, it is easy to show with the help of 
figure 1 that the sign of pNEES(T) will be positive. 

The first point is that the electrical resistivity of a pure thin wire is due primarily to 
electron-surface scattering. Therefore, the dominant contribution to the current comes 
from those electrons whose trajectory makes a small angle with the wire axis because 
they can travel relatively long distances before colliding with the wire surface. Figure 1 
depicts such a trajectory. 

The second point is that NEB is a large-angle scattering process. Figure 1 depicts a 
scattering angle at point P of 45", typical of NEES. As is clear from the figure, such a NEES 
collision shortens the electron mean free path, implying a positive contribution to 
pNEES(T). It is also clear from the figure that if the scattering angle were larger, or 
'upwards' rather than 'downwards' (as shown), then the mean free path would be even 
shorter. 

In summary, for thin whiskers, the important electron trajectories are always shor- 
tened by NEES, leading to a positive pNEES(T). Moreover, for thinner whiskers, the 
magnitude of pNEES(T) is greater. 

Impurity scattering has an important effect on pNEES(T), because electron-impurity 
scattering causes the electron to lose all memory of its previous trajectory. Thus, the 
change in the electron mean free path due to non-resistive NEES, illustrated in figure 1, 
does not occur if an electron-impurity scattering event takes place anywhere along the 
trajectory. Indeed, this is the reason that pNEES(T) is appreciable only for thin wires, by 
which one means a wire whose diameter is comparable to or smaller than the mean free 
path Limp for electron-impurity scattering. For the copper whiskers under discussion 
here, thepurityof the bulkmaterialcorrespondstoh,, = 240 prn (Thummesefall985), 
which is very much larger than the diameter d of the whiskers. 

The analysis shows that the value of pNEEs(T) depends only on the ratio Aimp/d = A. 
Therefore, one may write 
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Table 2. Calculated results for the two unstrained copper whiskers. The values of q(A) and 
y(A) determine the valuesof pUEB ( T )  andp,,,( T )  for each whisker, according to equations 
(3) and (6). The units for A,, are fQ cm K->. 

c u  1 11 1.22 0.21 3 3 +  1 1  = 4 4  
( d = 2 2 p m )  
cu2 35 2.19 1.19 75 + 97= 172 
(d = 6.9/" 

PNEESW = Y ( A ) A N E E S ~  (3) 

where y(0) = 0 for bulk samples, and the quantity A,,,, simply denotes the electron 
mean free path for NEB, expressed in 'resistivity units', 

ANEES vFm/ne2pANEEs(T) (4) 

A.EE,=2AuEES=54f~cmK-2 .  (5) 

Kaveh and Wiser (1981) have shown that for copper, 

This value for A,,,, has been confirmed by experiment (Kaveh and Wiser 1983). 

5. Enhancement factors 

For bulk samples of copper at very low temperatures, p(T) arises solely from Umklapp 
electron-electron scattering, where pUEES( T) is given by equation (1) and the measured 
coefficient Asxpl of equation (2) equals A,,,,. For thin wires and films, pUEES(T) is 
enhanced by electron-surface scattering (Sambles and Elsom 1980, Samples and Preist 
1982, Thummes and Kotzler 1985, Movshovitz and Wiser 1990a). Thus, for thin wires, 
one may write 

P UEES(T) = q(A)A UEES r2 (6)  

where the enhancement factor ? ( A )  depends on the ratio A = Aimp/d for the particular 
wire under discussion. For bulk samples, A = 0, q(0) = 1, and one recovers equation 

The complex theoretical task lies in the calculation of the A-dependence of the 
enhancement factors y(A) and q ( A ) .  In tables 2 and 3, we list our calculated values of 
y(A)  and q ( A )  for the unstrained (table 2) and the strained (table 3) copper whiskers 
measured by Thummes and Kotzler (1985). It is seen from the tables that in each case 

(1). 

V(h) = Y(h) + 1. (7) 

This is not a numerical accident but can be shown to follow from a careful analysis of the 
calculation of the enhancement factors (Movshovitz and Wiser, to be published). 
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Table3. Calculated results for lhe two strained copper whiskers. The valuesof q(A) and y(A) 
determine the values of p,(T) and pnOwm(T) for each strained whisker, according to 
equalions(ll)and(13).TheunitsforA,,aref~cmK-'. 

Sample P , m  -t P... ,a, 
(diameter) A = &W/d q(A) y(A) p =&*c 

c u  1 2.25 0.97 -0.05 59- 1 = 5 8  
(d = 22ym) 
C" 2 15 1.62 0.61 71+22=93 
( d  = 6.9 pm) 

6. The unstrained copper whiskers 

Our results for A,,, for the unstrained copper whiskers are listed in table 2. It is seen 
that for the thicker whisker, y(A)  isonly0.21. Therefore, pUEES(T) dominatesp(T) and 
the enhancement of A,,,, over the hulk value is less than a factor of 2. 

Forthethinnerwhisker, y(A)hasthemuchlargervalueof 1.79. Asaresult,pNEEs(T) 
is larger than pUEES(T), which is itself significantly enhanced by electron-surface scat- 
tering. The net effect of these two enhanced terms is to make ACal, more than six times 
larger than the bulk value. 

Fromequalions(5) and(7),it followsthat pNEES(T)isIargerthanpUEES(T) whenever 
y(A) > 1. Therefore, for wires sufficiently thin and pure, A satisfies this condition and 
the enhancement of A,,, over the bulk value will he very large. 

7. The strained copper whiskers 

7. I .  Resistive eIectron scattering 

When a bulk sample is strained. dislocations are generated which cause two effects. 
First, because dislocations are anisotropic scattering centres, the electron relaxation 
time is no longer isotropic over the Fermi surface. As a result, NEES does make a 
contribution to p ( T )  even for a bulk sample and thus becomes partially resistive (res). 
The theory of this effect (Kaveh and Wiser 1980,1982,1984, Wiser 1984) leads to the 
following expression for A,, = pres(T)/T2,  

In the denominator of the second term, pdis denotes the electron-dislocation scattering 
contribution to the residual resistivity pa for the strained sample. For an annealed 
sample, pdir = 0 and one recovers the usual result A,, = AUEES. For the two strained 
copper whiskers, equation (8) yieldSA,, = 60 and 44fQ cm K-', respectively, whereas 
AuEES = 21 fR cm K-I. 

Strainingawire leads to yet anothereffect. The increaseinp,due topdisimpliesthat 
the bulk electron mean free path is reduced from Aimp to 

Therefore, the definition of A must be correspondingly generalized to 

For an unstrained whisker, equation (10) reduces to the previous result, A I Aimp/d. 

A r e  'AUEES + A N E E S ( ~ O / ~ ~ , ) - ' .  ( 8 )  

AL!,~ = a &  +A& (9) 

A = Abulk/d. (10) 
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We may apply these results to thin wires by referring to equation (6). For strained 
whiskers, the quantityAuEEs is replaced by its generalization A,,, given by (8), yielding 

P d n  = ?(I)Are*P (11) 
where q ( I )  is the same function as before, but now the value of h is obtained from 
equations (9) and (10). which includes the contribution to A due to electron-dislocation 
scattering. 

In table 3, we list for each strained whisker, the calculated values of A and q ( I ) ,  as 
well as the resulting values of p,,(T)/T2. 

7.2. Non-resistioe electron scattering 

For a strained sample, the non-resistive component of electron-electron scattering is no 
longer ANEES. Because part of ANEES has become resistive, the non-resistive (non-res) 
component is correspondingly reduced. Thus, 

Amm-m =ANEES -ANEES(PO/P~~S)-’ (12) 
where the second term comes from equation (8). For an unstrained sample, pdlr = 0 and 
Anm.res = ANEES, as before. 

For strained whiskers, equation (3) must be generalized to 

P ~ ~ ~ - ~ ~ ( V  = Y ( I ) A ~ , , ~ . ~ P  (13) 
where y(I) is the same function as before, with A given by equations (9) and (10). For 
each strained whisker, the calculated values of y ( A )  are listed in table 3, together with 
P n 0 d T ) / T * .  

7.3. Summary of effect of straining 

In summary, straining the whisker produces two effects. It increases A,,,, which tends 
to increase A,,,,, but it reduces I and hence also reduces the enhancement factors yQ) 
and q ( A ) ,  which tends to decrease A,,,. For the thicker whisker, the former effect is 
dominant and hence A,,,, increases. For the thinnerwhisker, the latter effect isdominant 
and hence A,,, decreases. This explains the data for the strained whiskers of copper. 

8. Angledependent specularity parameter 

In recent years, it has become clear (Sambles and Elsom 1980) that it is important to 
take account of the fact that electron-surface scattering is partially specular. In older 
workit was traditional to introduce a specularity parameterp, whose limiting valuesp = 
0 and p = 1 denote respectively diffuse and specular elecuon-surface scattering. In 
practice, however, it was almost invariably assumed that p = 0 is appropriate for res- 
istivity calculations. 

Soffer(1967)haspointedout that,infact,pisnotaconstant, but ratherthatitsvalue 
dependsonthe angle at whichthe electronstrikes the wire surface. The Sofferexpression 
for the angle-dependent specularity parameter is 

p ( e )  = exp[-(4n(ucos e)’] (14) 
where 0 is the angle between the electron trajectory and the normal to the surface of the 
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wire, and the surface-roughness parameter a is the ratio of the root mean square surface 
roughness to the electron de Broglie wavelength. 

During the past decade, the pioneering work of Sambles and co-workers (Sambles 
and Elsom 1980. Sambles and Preist 1982, Sambles erall982) hasshown that the angular 
dependence of the specularity parameterp(8) must be included in the calculationof the 
resistivity for thin wires and films in order to obtain quantitatively reliable results. 

Following these workers, we used equation (14) for p(8) in the present calculation 
of pNEas(T), taking a to be an adjustable parameter. One expects a to be of order unity 
(Sambles and Elsom 1980) for a wire whose surface has not been specifically roughened. 
We found that a = 2.2 gave a good fit to the data for the thinner copper whisker. For 
the thicker whisker, the surface had been etched to roughen it, and therefore we used 
a = m. 

D Movshovitz and N Wirer 

9. Calculation of pNEEs(T) 

9. I. Introduction 

Our calculation of pNEES( T) is based on an extension of the Chambers (1950) method of 
‘electron dynamics’ to the case of non-resistive NEES. Since this method has been 
described in previous publications (Movshovitz and Wiser 1990a, 1990b). we need only 
summarize the principles involved. 

To determine the change in the electron mean free path due to NEES, the electron 
mean free path is calculated with and without NEES, and then one takes the difference 
between these two quantities. We shall discuss each quantity in tum. 

9.2. Resisitiue scattering 

Consider an electron with mean free path limp for electron-impurity scattering. The 
probability P(r)  for the electron to travel adistance r without being scattered is 

and the probability dQ for an electron-impurity collision to occur within the infinitesimal 
distance dr at a distance r from the origin of the electron trajectory is 

dQ(r) = (dl/j*imp) exP(-r/Aimp). (16) 

The average distance travelled by the electron before being scattered, Ao. is then given 
by 

A o =  1 rdQ. 
J 

In a bulk sample, the limits on the integral are 0 and m. However, if the wire has a 
finite diameter, one obtains 

where R is the distance to the wire surface in the direction of the electron trajectory. 
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WllC  0x4s ................................. 

W I R  0x6 ..................................... 

Figure 2. An electron trajectory in the direction 
E ,  @ startingat the point 0. (a) Non-resistive scat- 
tering does not occur. The distance along this 
trajectory to the surface of the wire is R(E,  e). 
(b) Non-resistive scattering does occur. The elec- 
tron travelsadistanceS(8. @) and thenundergoes 
anon-resistivecollision at thepointP,whichalters 
the direction of its trajectory to E' .  0'. The dis- 
tance along this new direction to the surface of the 
wire is T ( E ' ,  @'). 

The relevant geometry is illustrated in figure Z(a). The electron begins its journey at the 
point 0 and travels in the direction 0, @, with R(8, @) being the distance to the wire 
surface. To obtain the average mean free path for the electrons, &(B. 4) of (18) is 
integrated over all possible values of 0, @ and all possible origins 0 (Movshovitz and 
Wiser 1990a, 1990b). 

Theexpression for &given in (18) assumes that electron-surface scattering is totally 
diffusive. However, we take account of the reality that electron-surface scattering is, in 
fact, partially specular by introducing the specularity parameter p ,  which changes (18) 
into 

110 = h i m p [ l  - (1 -P)exP(-R/himp)/(l -PexP(-R'/himp))l (19) 
where R' is a distance related to R (for details, see Chambers 1950). It is readily seen 
from (19) that for diffuse scattering ( p  = 0), one recovers (IS), whereas for specular 
scattering ( p  = I), A,, = himp and electron-surface scattering has no effect at all. 

An important feature of our calculation is that we take account of the angular 
dependence of the specularity parameter p ( 0 ) ,  whose value depends on the angle 0 
between the electron trajectory and the normal to the wire surface. The expression for 
p ( 0 )  has been given in equation (14). 

9.3. Non-resbtive scattering 

The presence of non-resistive NEES scattering events leads to two additional con- 
tributions to the electron mean free path, now denoted ANEES. The first contribution 
arises from the fact that the total electron mean free path without surface scattering, 
denoted h,,,, is shortened by NEES. Thus, 

(20) h-l-h:l + A - !  
to1 - Imp NEES 

where ,INEES is the electron mean free path due only to NEEs. This implies that to obtain 
ANEES, one must replace himp by hcoc in the appropriate places in the calculation of A,,. 
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Since ANEES + A,,,, one expands Alol to obtain 

Atot = A m p  - k%p/A,EEs. (21) 

The secondterm in A,,, then leads to acontribution toANE, that is inversely proportional 
to ~ N E E S .  

The second additional contribution to AN- arises from the type of electron tra- 
jectory that is illustrated in figure 2(b). As in figure 2(a) the electron begins its journey 
at the point 0, travelling in the direction 8, 4. However, after traversing a distance 
S(0, @) and reaching the point P, the electron undergoes a NEES colkion which alters 
the direction of its trajectory to e’, 4‘. In this new direction, the distance to the surface 
of the wire is T(B’, 4’). Thus, the total distance from the initial point 0 to the wire 
surface is S + T,  rather than R. 

The type of trajectory shown in figure 2(b) will occur only if a NEES collision takes 
place at some point P, and hence its probability depends on the magnitude of l/ANEES. 
Thus, we obtain a second contribution to ANEES that is inversely proportional to ANEES. 

Figure 2(b) depicts the two segments of the electron trajectory, Sand T,  as if they 
were both lying in the same plane as the wire axis. This is, of course, not generally 
the case. Indeed, we found that it is very important to take into account the three- 
dimensional geometry of the scattering processes. 

Having calculated ANE,, the change AANEES = ANEEs - A. in the electron mean 
free path due to NEES can be expressed as a contribution to p ( T ) ,  

PNEES(T) = -CAANEES/A$ (22) 

where C = muF/ne2. The quantity A. appearingin (22) denotes the value obtained from 
&(B. 4) in (19) after integrating over all possible values of 8 ,  @;similar remarks apply 
to ANEES. Combining (22) with the result 

AANEES cT ~ / A N E E S  (23) 

PNEES(T) 0~ A c L E s V )  c~ 7+. 

yields the temperature dependence of PNEES(T), 

(24) 

The constant of proportionality in (24) has been denoted by y(A) in equations (3) 
and (13), and has been calculated as a function of A. The results for the measured copper 
whiskers, both annealed and strained, are listed in tables 2 and 3. 

10. Summary 

We have calculated the electron-electronscatteringcontribution to the low-temperature 
electrical resistivity of thin wires of copper. The new feature of our calculation is that 
we took explicit account of non-resistive normal electron-electron scattering. Applying 
ow results to the recent low-temperature resistivity data for two copper whiskers, 
measured both in the annealed and in the strained states, yields quantitative agreement 
withexperiment. Inparticular, the theoryexplainswhy,for one whisker,p(T) increased 
upon straining whereas, for the other whisker, p ( T )  decreased upon straining. 
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